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A population balance model for predicting the dynamic evolution of crystal shape
distribution is further developed to simulate crystallization processes in which multiple
crystal morphological forms co-exist and transitions between them can take place. The
new model is applied to derive the optimal temperature and supersaturation profiles
leading to the desired crystal shape distribution in cooling crystallization. Since track-
ing an optimum temperature or supersaturation trajectory can be easily implemented
by manipulating the coolant flowrate in the reactor jacket, the proposed methodology
provides a feasible closed-loop mechanism for crystal shape tailoring and control. The
methodology is demonstrated by applying it to a case study of seeded cooling
crystallization of potash alum. VVC 2009 American Institute of Chemical Engineers AIChE J,

55: 2049–2061, 2009

Keywords: morphological population balance model, multidimensional population
balance model, crystallization control, crystal shape control and optimization

Introduction

For particulate products obtained from crystallization,
crystal morphology is an important parameter because, like
size distribution, it not only directly impacts the down-
stream processing of the particles, but also it could affect the
end-use properties of the final product. Closed-loop optimi-
zation and control of crystal shape in a crystallizer, however,
has long been considered to be too challenging to achieve
mainly due to the limitations of available measurement
techniques and modeling capabilities. However, there have
been very promising advances recently in both online
characterization and modeling of crystal shape evolution for
crystallization processes, which could ultimately lead to
practical solutions to closed-loop shape control.

For online characterization of crystal shape, recent studies
on video imaging have attracted much attention, which
resulted in the development of some new instrument prod-

ucts such as the process vision and measurement (PVM) sys-
tem,1 the particle image analyzer (PIA),2 in situ particle
viewer (ISPV),3 and the online microscopy system of
GlaxoSmithKline.4–6 Several research groups across Europe,
USA and Asia have explored the use of these systems for
crystallization process monitoring and control. Scott et al.7

used an inline camera prototype for qualitative monitoring of
industrial crystallization. Wilkinson et al.6 from GlaxoS-
mithKline were also among the first researchers to study
online imaging for monitoring crystallization processes.
Barrett and Glennon used the PVM imaging probe in the
determination of the metastable zone of an inorganic com-
pound.8 Patience and Rawlings investigated the use of the
PVM for measuring the shape and size information of so-
dium chlorate crystals.9 Larsen et al. developed new algo-
rithms for image analysis.10,11 Qu et al. studied batch cool-
ing crystallization of sulfathiazole using attenuated total
reflection Fourier transform infrared (ATR-FTIR) spectros-
copy and image analysis simultaneously.12 Scholl et al.13

studied in situ monitoring of polymorphic transformation
using focused beam reflective measurement (FBRM), PVM,
Raman and ATR-FTIR spectroscopy. Zhou et al.14 applied
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the PVM imaging probe and developed statistical monitoring
graphs using the information from image analysis. Calderon
de Anda et al. have investigated the use of the
GlaxoSmithKline’s imaging system for monitoring the
crystallization on-set and dynamic transition from one poly-
morph to another during crystallization of L-glutamic acid
(LGA)4. A multiscale image analysis method15,16 was
developed and used to derive monitoring charts,17 and then to
calculate the real-time growth rates associated with the evolu-
tion of the length and width for the needle-like b-polymorphic
form of LGA.18 In addition, research is being carried out for
direct three-dimensional (3-D) particle shape measure-
ment.5,19 Overall, all the existing investigations have demon-
strated that imaging and image analysis is a very promising
technique for online crystal shape characterization.

Crystal morphology prediction has been a very important
research area for some time, but the focus has been on shape
prediction for single crystals rather than for all the crystal
population within a crystallizer. On the other hand, although
population balance (PB) modeling for crystallization proc-
esses is for all crystals in a crystallizer, crystal shape was of-
ten ignored with an over-simplified crystal-size definition,
i.e., the volume equivalent diameter of spheres.20–23 Recent
developments in multidimensional or morphological PB
modeling, however, provide a promising technique for bridg-
ing morphology modeling at the two scales: for single crys-
tals and for the population of crystals in a crystallizer. Puel
et al.24,25 developed a 2-D PB model to predict the growth
of hydroquinone by representing the rod-like crystals with
two internal coordinates, i.e., the length and width of rectan-
gular parallelepipeds. Other crystals such as potassium
dihydrogen phosphate and hen egg-white lysozyme can also
be represented by two-size parameters, and thus, 2-D PB
models can be developed.26–29 By defining the size of a face
as its normal distance from the geometrical center of the
crystal, Ma et al.30,31 proposed a morphological PB model
that is able to simulate the dynamic size evolution in faceted
directions. Shape evolution of 3-D faceted crystals involving
morphological changes was also studied in the work of
Zhang et al.,32 where the entire family of possible discrete
shape evolution events, such as vertices bifurcating into
edges or faces were exhaustively numerated using a set of
simple testable conditions. Faceted crystal shape evolution
and manipulation during dissolution or growth were also
studied by Snyder et al.33,34 Zhang and Doherty35 developed
a method to combine a separate shape evolution model36

with a standard 1-D PB model for the simultaneous predic-
tion of crystal shape evolution and size distribution in
crystallization processes of succinic acid.

Compared with the impressive progress in both online
shape characterization and multidimensional (or morphologi-
cal) PB modeling, research on closed-loop automatic control
of crystal shape remains relatively scarce.37 Ma et al.27 and
Lee et al.38 presented a methodology for crystal shape con-
trol and optimization in cooling crystallization of potassium
dihydrogen phosphate, which is based on optimizing the
temperature profile and other influencing factors such as the
seeding mass or the dissolution amount. A multidimensional
PB model was developed in their work, which used two
characteristic size dimensions to represent the shape of a
twelve-faceted crystal. For the same chemical, Yang et al.39

proved experimentally that the shape for a population of
crystals was able to be tailored by manipulating the supersa-
turation profile. In addition to manipulating the temperature
or supersaturation profile in cooling crystallization, another
means of influencing the shape of growing crystals is the
introduction of impurities. Patience and Rawlings9 investi-
gated the use of impurities to manipulate the shape of crys-
tals for sodium chlorate, which also represents an important
direction since the use of impurity is considered in industry
as a very effective handle for shape control.

The objective of the article is two-fold. First, it is to fur-
ther develop a morphological PB model for crystal shape
evolution in crystallization to handle more complicated
crystallization processes where multiple morphological forms
co-exist, and transitions between them can take place. In
addition, the new model is to be used for deriving optimal
temperature and supersaturation profiles that can be tracked
to obtain desired crystal shape. The rest of the article is
organized as follows. The next section is devoted to the
introduction of the method for representing crystal morphol-
ogy using polytope geometry. The morphological PB model
that can handle multiple morphological forms and model
their transitions, as well as its numerical solution algorithm
are then presented. Optimization of temperature and supersa-
turation trajectories for shape manipulation is described
afterwards, which is followed by the concluding remarks.

Geometric Description of Crystal Morphology

Polytope geometry

Crystals can be viewed as convex polytopes. A convex
polytope is the convex hull of a finite set of points. Convex
polytopes can also be represented as the intersection of
half-spaces. This intersection can be written as the following
matrix inequality

Hx � p; (1)

where H is an m by n matrix, x is a column vector with n
components, and p is a column vector with m components. It
can also be regarded as the combination of m linear
constraints: hix � pi, i ¼ 1, …, m, where hi is the ith row of
H and pi is the i th component of p. Define a vector s, its ith
component is denoted as si, then for each i ¼ 1, …, m, define a
linear program

min zi ¼ si

s: t: Hxþ s ¼ p

si � 0

(2)

if at optimum zi [ 0, then the ith constraint hix � pi is
redundant, and it can be removed from Eq. 1 without any
influence for the defined polytope.40

Geometric description of crystal morphology using
symmetric polytopes

Crystallographic planes are usually described using a set
of indices developed by the English crystallographer Miller.
Miller indices (ijk) are defined as the reciprocals of the
fractional intercepts, which the plane makes with the
crystallographic axes. For a cubic crystal system spanned
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by the orthogonal unit cell axes, a crystal face with
Miller indices (ijk) can be conveniently expressed as
follows

iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i2 þ j2 þ k2

p xþ jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i2 þ j2 þ k2

p yþ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i2 þ j2þk2

p z ¼ d

(3)

where x, y and z represent the coordinates of any point
satisfying Eq. 3 in the given coordinate system; |d| is the
perpendicular distance from the origin to the defined
plane. Because most crystals are symmetric, i.e., for
symmetric crystals, if the plane described by Eq. 3 is a
crystal face, the following plane is also a face for the same
crystal

iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i2 þ j2 þ k2

p xþ jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i2 þ j2 þ k2

p y

þ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i2 þ j2 þ k2

p z ¼ �d ð4Þ

Accordingly, other symmetric faces of the crystal can also
be deduced from their Miller indices. It is worthy noting that
the Miller indices need further geometric transforms to
obtain the corresponding polytopic planes in an orthogonal
coordinate system if the crystal system is not cubic. Then a
symmetric crystal can be described by the following
polytope
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where n is the number of pairs of symmetric planes on the
surface of the crystal with Miller index (iqjqkq), q ¼ 1, …, n,
and dq[ 0, q ¼ 1, …, n is the corresponding normal distance
from the origin, as well as the crystal geometric center to one
of these two symmetric planes.

Taking the crystal of potash alum (KAl(SO4)2�12H2O) as
an example, previous experimental studies found that the
morphology of potash alum crystal is dominated by the octa-
hedron (111) face, and the essentially smaller cube (100)
and rhomb-dodecahedron (110) faces, with three minor
faces, (221), (112) and (012) that exist only at early stages
of the crystallization process and disappear quickly, hence,
have not been frequently observed.41–43 These three primary
growth forms are manifested in the external morphology
through the multiplicities associated with cubic symmetry
which yields a total of 26 crystal growth surfaces, i.e., eight
(111), six (100) and twelve (110) faces, respectively.30 Thus,
the crystal of potash alum can be described by the following
symmetric polytope
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where d1, d2 and d3 are the normal distances from the crystal
geometric center to (111), (100) and (110) faces, respectively.
These three faces can also be regarded as independent faces as
they are geometrically independent to each other according to
Eq. 6, i.e., the values of d1, d2 and d3 define the shape and size
of a potash alum crystal. Therefore, potash alum crystals with
given d1, d2 and d3 can be plotted using a polytope geometry
software.44 For example, a potash alum crystal of d1 ¼ 7 lm,
d2 ¼ 9 lm, d3 ¼ 8 lm is shown in Figure 1a.

The six (100) and twelve (110) faces of a potash alum
crystal can disappear if they grow too fast relative to the
eight (111) faces, which results in the morphology of an oc-
tahedron.45 Such a scenario can easily be modeled if the
crystal shape is described by polytope geometry, since it is
essentially the case that the constraints concerning d2 and d3
become redundant according to Eq. 2, and thus, they can be
removed from Eq. 6. In other words, the crystal turns to be
an octahedron. As an example, the crystal in Figure 1a turns
to an octahedron when d1, d2, and d3 grow to 8.00 lm,
14.00 lm and 10.00 lm, as depicted in Figure 1d. Figure 1
also shows a possible route for the crystal in Figure 1a to
eventually transform to the shape of Figure 1d. The twelve
(110) faces disappear as shown in Figure 1c when d1 ¼
7.75 lm, d2 ¼ 12.00 lm and d3 ¼ 9.50 lm, the six (100)
faces disappear further as depicted in Figure 1d. This exam-
ple demonstrates that polytope geometry is an effective
technique for the representation of crystal shape, and for
detecting morphological changes.

PB Modeling Involving Morphological
Form Transitions

The term, multidimensional PB, needs clarification because in
some literature it refers to PB using only one size-related dimen-
sion, i.e., the volume equivalent spherical diameter, whereas
other dimensions are about other properties such as particle loca-
tion, porosity, and fraction ratio. As far as this article is con-
cerned, multidimension means multiple-size dimensions, in con-
sistency with the literature reviewed in the Introduction. In addi-
tion, as long as causing no confusion, we will use morphological
PB instead of multidimensional PB, because our approach is for-
mulated rigorously based on the crystal morphological structure,
so it can deal with complicated crystal structures of any number
of facets and handle multiple morphological forms. In addition,
it emphasizes reconstruction of crystal shape at any time point.
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The generic mathematical formulation for multidimen-
sional PB modeling, no matter employing a single-size
dimension plus other external variables, or multiple-size
dimensions, can be given by the following equation30,46,47

@wðx; y; tÞ
@t

þr � ½wðx; y; tÞv� þ
Xn
i¼1

@

@xi
½wðx; y; tÞgiðx; y; tÞ�

¼ bwðx; y; tÞ � dwðx; y; tÞ ð7Þ

where x is the internal variable vector with n components,
which can be parameters related to crystal size, shape, and
other properties; y is the external variable vector such as
spatial coordinates (y1, y2, y3); w is the number population
density function of crystals; ! is the gradient operator for the
y coordinates. For the left side of Eq. 7, the first term is the
accumulation term of w; the second term denotes the
convection of w in the y space with v being the velocity
vector; the third term is the convection of w due to particle
growth in the x space with gi being the growth rate. The first
and second terms on the righthand side of Eq. 7, bw(x, y, t) and
dw(x, y, t), represent the birth and death terms of w due to such

as nucleation, aggregation and breakage. The influence of
crystal positions in the crystallizer on population distributions
can often be ignored for a well-mixed batch crystallizer.
Furthermore, it is also reasonable to neglect the effect of
agglomeration and breakage for some complex inorganic
hydrate compounds such as potash alum because of their
molecular and chemical properties, as argued in the litera-
ture.30,31 Based on these assumptions, a simplified version of
Eq. 7 is obtained

@wðx; tÞ
@t

þ
Xn
i¼1

@

@xi
½wðx; tÞgiðx; tÞ� ¼ bwðx; tÞ (8)

where x is an n-dimensional vector representing the size-
related parameters of a crystal. It is usually assumed that there
only exists one morphological form in the crystallizer, and
thus, a single population balance equation (PBE) can describe
the evolution of crystal shape and size distribution during the
entire crystallization process.

In practice, however, it is not uncommon to encounter
crystallization processes in which various morphological

Figure 1. A 26 faceted potash alum crystal of (a) can grow to an eight faceted crystal shape of (d) via routes of (b)
and (c).

(a) a potash alum crystal of 26 faces with its three independent sizes being d1 ¼ 7.00 lm, d2 ¼ 9.00 lm and d3 ¼ 8.00 lm; (b) 26 crystal
faces with d1 ¼ 7.50 lm, d2 ¼ 11.00 lm and d3 ¼ 9.00 lm; (c) 14 crystal faces with d1 ¼ 7.75 lm, d2 ¼ 12.00 lm and d3 ¼ 9.50 lm
(disappearance of 12 (110) faces), and (d) eight crystal faces with d1 ¼ 8.00 lm, d2 ¼ 14.00 lm and d3 ¼ 10.00 lm (disappearance of 12
(110) and six (100) faces). [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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forms of crystals co-exist in the same crystallizer.48 Further-
more, morphological changes can happen as a result of dis-
appearance of some faces during crystal growth.32–36,49,50

Therefore, only one PBE for modeling a single morphologi-
cal form is not sufficient. Here, the morphological PB model
proposed by Ma et al.30 and Ma and Wang31 is further
developed to be able to deal with crystallization processes in
which multiple morphological forms co-exist and transitions
between them can take place. To introduce the approach in a
simple way, consider a simple case where only two crystal
morphological forms can form during cooling crystallization
of a compound. One morphological form has three faces,
i.e., three size dimensions x1, x2, and x3, and the other has
only one-size dimension x1. At the start of the simulation,
the amount of crystals for each morphological form is
known, and during crystal growth, crystals that have
three-size dimensions can be transformed to crystals that
have only a single-size dimension. The morphological PB
equations for the two types of crystals are given in Eqs. 9
and 10, respectively

@wðx1; x2; x3; tÞ
@t

þ
X3
i¼1

@

@xi
½wðx1; x2; x3; tÞgiðx1; x2; x3; tÞ�

¼ bwðx1; x2; x3; tÞ ð9Þ

@Uðx1; tÞ
@t

þ @

@x1
½Uðx1; tÞgUðx1; tÞ� ¼ bUðx1; tÞ (10)

where x1, x2 and x3 denote the normal distances from the
crystal geometric center to these three faces, respectively;
w(x1, x2, x3, t) is the number population density function of
those crystals with x1, x2 and x3 as their size parameters; U (x1,
t) is the number population density function of those crystals
with x1 as their size parameter, i.e., those crystals that have
only one size dimension; g1, g2 and g3 are the corresponding
growth rates in x1, x2 and x3 directions, respectively; gU ¼ g1 is
the growth rate in x1 direction; bw(x1, x2, x3, t) and bU(x1, t) are
the corresponding birth terms. For this simple scenario, the
method for carrying out morphological PB is shown in Figure
2. At any given time step t ¼ tk, with the known number
population density functions w(x1, x2, x3, tk) and U(x1, tk) for
the two morphological forms, Eqs. 9 and 10 are solved
simultaneously. Then the solution w(x1, x2, x3, tkþ1) is split
into W(x1, x2, x3, tkþ1) and /(x1, tkþ1), the later accounts for
crystals that have transformed from three-size dimensions to
only one-size dimension, whereas the former represents
those that have not experienced such a transition, therefore,
remaining three-size dimensions. /(x1, tkþ1) is to be merged
with U(x1, tkþ1) as they all belong to the same morpholo-
gical form of a single-size dimension. Thus, updated number
population density functions for these two morphological
forms are passed onto Eqs. 9 and 10 for the next iteration.
It is worthy noting that mass balance is also applied to
update the supersaturation in the crystallizer at each time
step based on the updated number population density
functions. The case described before is simple, but the
principle is clearly applicable to much more complicated

Figure 2. Morphological PB modeling involving morphological form transitions from three faceted crystals (i.e.,
three size dimensions) to crystals of a single-size dimension.

t0—the initial time; Dt—sampling interval; tf—the final simulation time; W(x1, x2, x3, tk)—the number population density function of
crystals with three faces; W(x1, x2, x3, tkþ1)—the number population density function of crystals remaining three faces after an iteration;
/(x1, tkþ1)—the number population density function of crystals that transformed from three faces to a single-size dimension after an itera-
tion; w(x1, tk)—the number population density function of crystals with a single-size dimension; u(x1, tkþ1)—the merged number
population density function by combining /(x1, tkþ1) and W(x1, tkþ1).
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situations such as the multiple morphological forms in
Figures 1. The resulting multiple population balance
equations of various dimensionalities are to be solved
simultaneously at each time step.

Numerical Solution Algorithm

Various numerical algorithms for solving PB equations
have been studied in the literature, such as moment of classes,
method of characteristics, method of lines, generalized finite-
element scheme, moving grid technique, hierarchical solution
strategy based on multilevel discretization, and the cell-
ensemble method. Based on the literature review of these algo-
rithms,28 and our previous experience on the use of moment of
classes,30 high-resolution algorithm is chosen in this study.

High-resolution algorithms were developed initially in
computational physics for numerical solution of hyperbolic
partial differential equations.51 The standard high-resolution
algorithms are directly applicable to homogeneous 1-D par-
tial differential equations.28 Using a technique called dimen-
sional splitting, multidimensional partial differential equa-
tions can be decomposed into multiple 1-D problems, and
thus, the standard high-resolution algorithms can be applied
to solve them sequentially.27 The nonhomogeneous terms
usually encountered in PB equations can also be added to
the distribution function at each time step using Godunov
splitting.27,28 Although high-resolution algorithms were
applied in the literature only to monosize dimensional and 2-
D PB equations,26–28 it can be adapted to solve the current
problem of three or more size dimensional PB equations, as
illustrated later.

Considering the homogeneous 1-D PBE with size-inde-
pendent growth

@Uðx1; tÞ
@t

þ g1
@Uðx1; tÞ

@x1
¼ 0 (11)

where U(x1, t) is the number population density function and
the growth rate g1 [ 0. A class of high-resolution finite
volume algorithms with approximate second-order accuracy
has the following form28

Ueðx1; tkþ1Þ ¼ Ueðx1; tkÞ � ng1
h

ðUeðx1; tkÞ � Ue�1ðx1; tkÞÞ

� ng1
2h

ð1� ng1
h
Þ � ½ðUeþ1ðx1; tkÞ � Ueðx1; tkÞÞge

� ðUeðx1; tkÞ � Ue�1ðx1; tkÞÞge�1� ð12Þ

where n and h denote the time and size intervals, respectively; k
and e are the corresponding integers to mark the time space and
the size space, respectively. The flux-limiter function ge¼ g(he)
depends on the degree of smoothness of the distribution, which
is further quantified by the ratio of two consecutive gradients

he ¼ Ueðx1; tkÞ � Ue�1ðx1; tkÞ þ e
Ueþ1ðx1; tkÞ � Ueðx1; tkÞ þ e

(13)

where e is a small value added to avoid division by zero, e.g.,
e ¼ 10�10 just as in the work of Qamar et al.52 Many flux-

limiter functions have been proposed, and each flux limiter
leads to a different high-resolution method. A commonly-used
flux limiter called the Van Leer flux limiter is given as
follows28

gðheÞ ¼ hej j þ he
1þ hej j (14)

Consider the homogeneous 3-D PBE with size-independ-
ent growth as well

@wðx1; x2; x3; tÞ
@t

þ
X3
i¼1

gi@ wðx1; x2; x3; tÞf g
@xi

¼ 0 (15)

where x1, x2 and x3 are the lengths on three independent
directions, while g1, g2 and g3 are their corresponding growth
rates. At time instant tk�1, Eq. 15 becomes

@w
@t

þ g1
@w
@x1

þ g2
@w
@x2

þ g3
@w
@x3

¼ 0 (16)

with the initial crystal-size distribution w(x1, x2, x3, tk�1).
The analytical solution to this specific partial differential

equation at tk is as follows

wðx1; x2; x3; tkÞ ¼ wðx1 � g1ðtk � tk�1Þ; x2

� g2ðtk � tk�1Þ; x3 � g3ðtk � tk�1Þ; tk�1Þ ð17Þ

The same partial differential equation can be solved in
three steps using dimensional splitting. Concretely, for the
first 1-D partial differential equation

@ŵ
@t

þ g1
@ŵ
@x1

¼ 0 (18)

with the initial condition w(x1, x2, x3, tk�1), its solution is as
follows

ŵðx1; x2; x3; tkÞ ¼ wðx1 � g1ðtk � tk�1Þ; x2; x3; tk�1Þ: (19)

Now using ŵðx1; x2; x3; tkÞ as the initial condition to
solve the second partial differential equation

@ ~w
@t

þ g2
@ ~w
@x2

¼ 0 (20)

with the renewed initial condition at ŵðx1; x2; x3; tkÞ at t ¼
tk�1. The solution to the second partial differential equation at
tk is as follows

~wðx1; x2; x3; tkÞ ¼ ŵðx1; x2 � g2ðtk � tk�1Þ; x3; tkÞ
¼ wðx1 � g1ðtk � tk�1Þ; x2 � g2ðtk � tk�1Þ; x3; tk�1Þ ð21Þ

Now using ~wðx1; x2; x3; tkÞ as the initial condition to
solve the third partial differential equation

2054 DOI 10.1002/aic Published on behalf of the AIChE August 2009 Vol. 55, No. 8 AIChE Journal



@ ~w
@t

þ g3
@ ~w
@x3

¼ 0 (22)

with the renewed initial condition at ŵðx1; x2; x3; tkÞ at t ¼
tk�1. The solution to the third partial differential equation at tk
is identical to the analytical solution Eq. 17

~wðx1; x2; x3; tkÞ ¼ ~wðx1; x2; x3 � g3ðtk � tk�1Þ; tkÞ
¼ wðx1 � g1ðtk � tk�1Þ; x2 � g2ðtk � tk�1Þ;

x3 � g3ðtk � tk�1Þ; tk�1Þ ð23Þ

As demonstrated previously, the 3-D partial differential equa-
tion can be split into three 1-D partial differential equations
according to x1, x2 and x3, which can then be solved sequentially
at each time step using the high-resolution algorithms.

Optimization of Temperature and Supersaturation
Trajectories

Since the morphological PB model describes the dynamic
evolution of particle shape as well as particle-size distribution
for all crystals in the crystallizer as a function of the opera-
tional conditions, i.e., supersaturation or reactor temperature,
it can be used to derive an optimal supersaturation or tempera-
ture profile, which can lead to desired particle shape and size
distribution. This provides a feasible mechanism for crystal
shape control that can be easily implemented because an opti-
mal temperature or supersaturation profile can be tracked by a
simple feedback or a cascade control system through manipu-
lating the coolant flowrate in the reactor jacket.

This section demonstrates the process of obtaining the
optimal temperature and supersaturation profiles for a
defined objective function related to the shape of crystals of
potash alum. For the potash alum crystal that has 26 faces, it
can be modeled as having three independent faces (111),
(100) and (110), as have been handled in the literature,30,31

where x1, x2, and x3 denote the corresponding normal distan-
ces from the origin, as well as the crystal geometric center
to these three independent faces. Suppose the desired shape
for the crystals are

x1=x2 ¼ a1; x2=x3 ¼ a2 (24)

where a1 and a2 are the desired aspect ratios between x1 and x2,
x2 and x3, respectively.

Then the optimization problem can be formulated as

min
rðtÞ

X
x1;x2;x3

ðwðx1; x2; x3; tf Þ½ðx1=x2 � a1Þ2 þ ðx2=x3 � a2Þ2�Þ=
X

x1;x2;x3

wðx1; x2; x3; tf Þ ð25Þ

subject to

rL � rðtÞ � rU (26)

where r(t) is the cooling rate with the lower bound rL and the
upper bound rU;

P
x1;x2;x3

wðx1; x2; x3; tf Þ corresponds to the

sum of all number population densities at t ¼ tf across the
discrete grid of the whole parameter space; and w(x1, x2, x3, tf)
is the predicted final number population density function using
the new morphological PB model. It needs to point out that the
objective function defined by Eq. 25 only considers the
crystals with 26 faces, i.e., crystal shape represented by Figure
1a. Apparently, there are many other ways to define objective
functions concerning particle shape, size distributions and all
the morphological forms. Here we use Eq. 25 purely for the
purpose of demonstrating the principle that for a given
objective function, optimal temperature and supersaturation
profiles can be obtained using the morphological PB model
presented in this article. Furthermore, except for the imposed
constraint on cooling rates, state constraints for specifying the
crystal shape and size distribution can also be imposed to
formulate a typical model predictive control scheme, as
pointed out in the work of Shi et al.29,53

The growth rates of the (111), the (100) and the (110)
faces are31

g1 ¼ 7:753� 10�7r1:5eff1
(27)

g2 ¼ 1:744� 10�6r1:5eff2
(28)

g3 ¼ 1:124� 10�6r1:5eff3
(29)

where reff1, reff2 and reff3 are the corresponding effective
relative supersaturation, which is a function of the temperature
T(K), crystal size, and the relative supersaturation r ¼ c/c* �
1 with c, the solution concentration, being defined as the molar
weight per volume of solution in a reactor, and c*, the
solubility of potash alum. Solubility is estimated using
Eq. 3054

lnðc�Þ ¼ 12:1=Tþ 10:47 lnðTÞ � 65:73: (30)

In the simulation, it was assumed that there are initially
4843355 potash alum crystals all with 26 faces in a 500 mL
reactor, the corresponding number population density func-
tion w(x1, x2, x3, t0) for these potash alum crystals with eight
(111), six (100) and 12 (110) faces is shown in Figure 3. It
was also assumed that the initial temperature in the reactor
is 38�C, and the initial relative supersaturation is 0.06589.
As discussed earlier, one or two of the three faces (111),
(100) and (110) may disappear during growth, and thus, the-
oretically there exist seven possible morphological forms in
the reactor,55,56 as depicted in Figure 4. As a result, seven
number population density functions are needed: w(x1, x2, x3,
t) for those crystals with 26 faces; C201(x1, x2, t) for crystals
with eight (111) and six (100) faces, C202(x1, x3, t) for crys-
tals with eight (111) and twelve (110) faces; C203(x2, x3, t)
for crystals with six (100) and twelve (110) faces; U101(x1, t)
for crystals with eight (111) faces; U102(x2, t) for crystals
with six (100) faces; and U103(x3, t) for those with twelve
(110) faces. Accordingly, seven morphological PB equations
are formulated and solved simultaneously. At each time step,
the number population density function for every morpholog-
ical form is updated, considering the possible transitions
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from one morphological form to another. In fact, for crystals
with 26 faces, 14 faces and 20 faces, they all can transform
to crystals having eight faces. The crystal size ranges in x1,
x2 and x3 directions are between 0 to 43.2 lm, 0 to 64 lm
and 0 to 60 lm, respectively. The number of the size classes
is 118 � 116 � 116, and the corresponding width is 0.36 �
0.55 � 0.52 lm.

Optimization is performed using Eq. 25 as the objective
function and setting a1 ¼ a2 ¼ 1. The optimal temperature
profile shown in Figure 5 is obtained when the value of the
objective function for Eq. 25 reached 0.0521. In Figure 5,

the lower bound and the upper bound of the cooling rate are rL
¼ 0.02�C/min and rU ¼ 0.3�C/min, respectively. The supersa-
turation trajectory corresponding to the optimal temperature
profile is shown in Figure 6. As depicted in Figure 7, the per-
centages of number of crystals for the seven morphological
forms change with time as a result of transitions between
them. At the start of the simulation, all crystals, i.e., 100%, are
crystals of 26 faces as in Figure 7a, and all other morphologi-
cal forms account for 0%. By the end of the simulation, 70%
crystals remain to have 26 faces. Figure 7 also shows that for
some morphological forms the number percentages increase
linearly, e.g., for crystals of eight and twelve faces as shown
in Figures 7e and 7g, respectively, but for some other morpho-
logical forms, e.g., crystals with 14 faces in Figure 7b, the
number increases initially then decreases. It is also noticed
that crystals of 26 faces still dominate in terms of the percent-
age of crystal numbers despite the morphological transitions.

Figure 8 plots the number population density function
w(x1, x2, x3, t) at four instants for crystals with 26 faces with
the fixed x3 ¼ 8.06 lm. As expected, the plot also shows a
downward trend with time in terms of number of crystals,
which is due to transition to other morphological forms as
explained earlier. Figure 9 shows the shape of typical 26 fac-
eted crystals at different instants. Please note that the crys-
tals in Figure 9 are not the same crystal at different times of
growth: each is an example of crystals for the specified
moment that the size at each face direction is the mean value
for all the crystals of the same morphological form. Figure
10 demonstrates the shape evolutions of the same crystal
that initially has 26 faces as shown in Figure 10a and
remains to have 26 faces at the end of the simulation, but
the shape and size in every face direction are changed as

Figure 4. A 26 faceted potash alum crystal (a) can possibly grow to another six morphological forms.

(a) a crystal with eight (111), six (100) and twelve (110) faces; (b) crystal with eight (111) and six (100) faces; (c) crystal with eight (111)
and twelve (110) faces; (d) crystal with six (100) and twelve (110) faces; (e) crystal with eight (111) faces; (f) crystal with six (100) faces,
and (g) crystal with twelve (110) faces. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.
com.]

Figure 3. The initial number population density func-
tions of crystals with 26 faces: (a) at fixed
value for x3 5 8.06 lm, and (b) at fixed value
for x2 5 10.175 lm.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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seen in Figure 10e. In Figure 10e, the outer wire-framed
polytope shows the desired shape. The initial shape of this
crystal is typical of those crystals representing the maximal
number density in the reactor. Its sizes at t ¼ 0 in the three
independent face directions are x1 ¼ 7.020 lm, x2 ¼ 10.175
lm and x3 ¼ 8.060 lm. As an indication of the shape
change as a result of optimization, Figure 11 plots the
change of (x1/x2 � 1)2 þ (x2/x3 � 1)2 for the single crystal

shown in Figure 10. It can be seen that its morphology does
grow to approach the desired morphology, i.e., (x1/x2 � 1)2

þ (x2/x3 � 1)2 approaches zero as the operating condition
follows the optimal supersaturation profile.

Concluding Remarks

The presented new morphological PB model has proved to
be able to simulate cooling crystallization processes where

Figure 5. The optimal temperature profile. Figure 6. The optimal supersaturation profile.

Figure 7. Change with time of the percentage of the number of crystal for each of the seven morphological forms.
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Figure 8. The number density functions at four different instants for crystals with 26 faces, but three independent
size dimensions x1, x2, and x3, showing a downward trend with time in number of crystals.

The function is plotted for a fixed value for one size dimension x3 ¼ 8.06 lm. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 9. Typical crystals that the size in every face direction is the mean size of crystals at that specified time
(The outer wire-framed polytope in (d) is the desired crystal shape).

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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multiple morphological forms co-exist in the crystallizer and
transitions between them can happen. It also demonstrated
that the morphological model can be used to derive optimal
supersaturation and temperature profiles for a given objective

function related to particle shape. Since tracking a supersatu-
ration or temperature profile can be easily achieved via a
standard feedback or cascade control system using jacket
cooling water, it provides a closed-loop methodology for
crystal shape tailoring, which can be easily implemented.
Work is underway to investigate an alternative means for
manipulating faceted crystal growth by adding impurities.
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Notation

H ¼ matrix
p ¼ vector

m, n, d, z, s, i ¼ scalar
x1, x2, x3 ¼ characteristic parameters of a crystal, lm
r �C/min ¼ cooling rate

Figure 10. The shape evolution of a crystal under the optimal supersaturation trajectory (The outer wire-framed
polytope in (d) is the desired crystal shape).

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Figure 11. The value of (x1/x221)2 1 (x2/x321)2 for the
crystal of Figure 10 approaches to zero with
time indicating that it grows toward the
desired shape.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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w, U, W, u, C, / ¼ number population density function, [nb] � m�3

c ¼ solute concentration, mol�m�3

c* ¼ solubility, mol�m�3

t ¼ time, s
T ¼ solution temperature, K
r ¼ relative supersaturation (¼ c/c* � 1)
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